We address the enhancement of electron transport in semiconductor superlattices that occurs in combined electric and magnetic fields when cyclotron rotation becomes resonant with Bloch oscillations. We show that the phenomenon is regular in origin, contrary to the widespread belief that it arises through chaotic diffusion. The theory verified by simulations provides an accurate description of earlier numerical results and suggests new ways of controlling resonant transport. DOI: 10.1103/PhysRevLett.114.166802 PACS numbers: 73.21.-b, 05.45.-a, 05.60.-k, 73.63.-b Spatial periodicity plays a fundamental role in nature. In particular, it governs quantum electron transport in crystals [1]. In a perfect crystal lattice, an electron in a constant electric field would undergo Bloch oscillations, moving forwards and backwards periodically so that its average drift would be zero [1]. But real lattices are imperfect, and electrons may be scattered before reversing their motion, allowing them to acquire a steady drift. Typically, the Bloch oscillation period t B greatly exceeds the average scattering time t s , because t B is proportional to the reciprocal of the lattice period d l , which is very small. So, Bloch oscillations are not observed in real crystals. Nanoscale superlattices [2] (SLs) impose on the crystal an additional periodicity with a period d greatly exceeding d l but still small enough for the quantum nature of the electron to be important: t B may become comparable to or smaller than t s so that Bloch oscillations can manifest themselves, significantly suppressing the current, generating gigahertz or terahertz electric signals, and causing other important effects [3,4].
Spatial periodicity plays a fundamental role in nature. In particular, it governs quantum electron transport in crystals [1] . In a perfect crystal lattice, an electron in a constant electric field would undergo Bloch oscillations, moving forwards and backwards periodically so that its average drift would be zero [1] . But real lattices are imperfect, and electrons may be scattered before reversing their motion, allowing them to acquire a steady drift. Typically, the Bloch oscillation period t B greatly exceeds the average scattering time t s , because t B is proportional to the reciprocal of the lattice period d l , which is very small. So, Bloch oscillations are not observed in real crystals. Nanoscale superlattices [2] (SLs) impose on the crystal an additional periodicity with a period d greatly exceeding d l but still small enough for the quantum nature of the electron to be important: t B may become comparable to or smaller than t s so that Bloch oscillations can manifest themselves, significantly suppressing the current, generating gigahertz or terahertz electric signals, and causing other important effects [3, 4] .
The first description of electron drift in SLs [2] showed that the drift velocity v d vs the electric field F along a onedimensional SL possesses a peak at F ¼ F ET such that t B (being ∝ F −1 ) is equal to t s . It has important consequences, in particular, a peak in the differential conductivity vs voltage.
Another remarkable effect was predicted more recently [5, 6] . It was noticed that, if a magnetic field is added, the dynamics reduces to that of an auxiliary classical harmonic oscillator at the cyclotron frequency subject to a traveling wave at the Bloch frequency. Numerical calculations within this model and the relaxation-time approximation for scattering [2] revealed additional peaks in v d ðFÞ at the values of F corresponding to integer ratios between the Bloch and cyclotron frequencies. As is known from the theory of dynamical systems, the phase plane of a harmonic oscillator subject to a traveling wave is threaded by a so-called stochastic web if the ratio between the wave and oscillator frequencies is an integer [7, 8] . This web plays an important role in many physical systems [9, 10] . It was conjectured [5, 6] that the dynamical origin of the peaks lies in chaotic diffusion along the web. This conjecture stimulated wide interest and numerous theoretical and experimental investigations of the effect and its applications (e.g., Refs. [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] ). These and many other works (e.g., Refs. [22] [23] [24] [25] [26] [27] ) assumed the original conjecture to be correct, implying that resonant electron transport in SLs can be controlled by chaotic diffusion [18] .
In the present Letter, we show that this commonly held belief is incorrect: the peaks originate in a regular dynamics, while chaos, when present, destroys them.
Consider a one-dimensional SL. Because of the periodicity, it possesses minibands [2] . Let the SL parameters be such that only the lowest miniband is relevant [5, 6, 11, [13] [14] [15] [16] [17] [18] [19] [20] [21] . The electron energy can [5, 6] be approximated as EðpÞ ¼ Δ½1 − cosðp x d=ℏÞ=2 þ ðp 2 y þ p 2 z Þ=ð2m Ã Þ, wherep ≡ ðp x ; p y ; p z Þ is its quasimomentum, the x axis is directed along the SL, Δ is the miniband width, d is the SL period, and m Ã is the electron effective mass for motion in the transverse plane. Let us apply an electric field antiparallel to the SL axis and a magnetic field tilted at an angle θ < 90°:F ¼ ð−F; 0; 0Þ andB ¼ (B cosðθÞ; 0; B sinðθÞ), respectively. The semiclassical equations of motion are [1] [2] [3] [4] [5] 14, [17] [18] [19] 28 ] dp dt ¼ −efF þ ½ṽ ×Bg; 
where e is the absolute value of the electronic charge.
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The electron velocity in the x direction is
Within the relaxation-time approximation [2] , with a correction allowing for the difference between the elastic and inelastic scattering, the drift velocity is [3, 6, 37] 
The functionṽ ET ðω B =νÞ (4) has a maximum at ω B ¼ ν.
If B ≠ 0, the dynamics is much more complicated because the components ofp are interwoven. Remarkably, however, the dynamics of p z reduces to a relatively simple form, and p x and p y can be expressed in terms of p z [5] . In terms of scaled quantities [19] 
Two other scaled components of the momentum are related top z ðtÞ ≡pðtÞ as follows:p x ðtÞ ¼ p x0 þ ωt − ðp z ðtÞ − p z0 Þ andp y ðtÞ ≡ p y ðtÞd=ℏ ¼ dp z ðtÞ=dt.
The physical origin of the dynamics (5), its relevance to v x ðtÞ, and the physical meanings of ω c and ϵ are as follows. The transverse component of the magnetic field and electron motion along the SL generate a Lorentz force oscillating at frequency ω B . It excites a cyclotron rotation in the transverse plane which modulates p x and, via p x , the angle of the Bloch oscillation. The frequency of the cyclotron rotation, which we will call the cyclotron frequency, is ω c . The amplitude of the Lorentz force in dimensionless units is ϵ. For details, see Ref. [28] .
We consider the case of zero temperature, which is the most important one [5, 6, [13] [14] [15] [16] [17] [18] [19] [20] [21] . Only zero initial momenta are then relevant [5, 17, 19, 28] . So, the scaled drift velocity reads as 
wherep ≡pðtÞ is a solution of Eq. (5) with
andν is the scattering rate in terms of the dimensionless "time"t (5). We will show that the resonance peak inṽ d ðωÞ at ω ≈ 1 may be of magnitude ∼1 for arbitrarily small ϵ. In contrast, the resonance contributions near multiple and rational frequencies necessarily vanish in the asymptotic limit ϵ → 0. These small contributions are ignored in our theory.
Necessary (but not sufficient) conditions for the distinct resonance peak areν
If any of these conditions fail, the resonant component of v x ðtÞ cannot accumulate for long. Besides, if the second condition fails, the peaks at multiple or rational frequencies are significant and/or the dynamics at the relevant time scales is chaotic. We assume further that the conditions (8) hold true unless otherwise specified. As is clear from Eqs. (5)-(7), the functionṽ d ðωÞ depends on two parameters:ν and ϵ. But we show below that the magnitude and scaled shape of the resonance component depend only on a single parameter
It is proportional to the ratio of the two time scales-the scattering time and the time of the strong modulation of the Bloch oscillation angle-which in terms of dimensionless time (5) aret s ¼ν −1 andt SM ¼ ϵ −1 , respectively. To illustrate the latter time scale, consider the exact resonance ω B ¼ ω c . The modulation amplitude A am then grows linearly with time, as A am ¼ ϵt=2, until A am ∼ 1. The latter range is reached just byt ∼t SM , and so strong modulation essentially changes the dynamics (5). However, if α ≪ 1, then the scattering occurs before the modulation becomes strong, so that the latter is irrelevant. Otherwise, the strong modulation comes into play, and the drift enhancement occurs differently.
We consider first the limit α ≪ 1. In this case, the magnitude ofp at the scattering time scalet s ≡ν −1 is ∼α ≪ 1, so that we can neglectp in sinðωt −pÞ on the rhs of the equation of motion (5) , which then reduces to the
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This is a superposition of the ET peak (4) and the resonance peakṽ ðresÞ d;a ðωÞ. The latter has an asymptotically Lorentzian shape with a half-widthν and maximum α acquired at ω ¼ 1. The physical origin of the peak is as follows. If ω B ¼ ω c , the modulation amplitude of the Bloch oscillation angle grows with time, while the modulation-induced deviation of v x ðtÞ possesses a component that retains its sign and also grows with time, thus, being accumulated. If ω B − ω c ≠ 0, the modulation amplitude grows more slowly, and, moreover, if jω B − ω c j ≫ ν, the sign of the deviation changes many times during t s so that the drift averages to zero.
We now compare Eq. (10) with numerical simulations for the SL used in most experiments [6, 11, 13] As θ increases further, the excess of the theoretical resonant peak (10) over that in the simulations grows: v d ðω ¼ 1Þ in the simulations for θ ¼ 40° [19, 20] is about half that given by Eq. (10) . The invalidity of Eq. (10) here is unsurprising because α ≈ 0.77 is not small.
To encompass arbitrary α, we develop an approach suggested earlier [7, 8] in a different context. If ω ≃ 1 in Eq. (5), then, neglecting small fast oscillations, the dynamics reduces to that of the "resonant" Hamiltonian [7] [8] [9] [10] : H r ðI;φÞ ¼ −ðω − 1ÞI þ ϵJ 1 ðρÞ cosðφÞ;
where J 1 ðxÞ is a Bessel function of the first order [29] .
If jω − 1j is sufficiently small, the Hamiltonian (12) possesses saddles generating separatrices [Figs. 2(a) and 2(b)]. When ω ¼ 1, the separatrices merge into a single infinite grid [ Fig. 2(a) ]. For the original system (5), the neglected fast-oscillating terms dress this grid with a chaotic layer, thus, forming a stochastic web (SW). Formally, chaotic diffusion along the vertical filaments of the SW might transport the system to arbitrarily high values of I, so that jpj might become arbitrarily large. In all former works, e.g., Refs. [5, 6, [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] , it was this chaotic diffusion that was believed to be the origin of the resonant drift. This cannot be the case, however, because (i) at ϵ=4 ≪ 1, the time scale at which chaos manifests [7] [8] [9] [10] is much larger than that for the formation of the resonant peak (being ∼ω −1 c minft s ;t SM g), and (ii) at ϵ=4 ≳ 1, when chaos is pronounced,p varies chaotically at relevant time scales indeed, but this leads to a chaotic variation of the value and sign of v x (2) in the integrand of the integral in Eq. (3), which decreases the integral rather than increasing it; therefore, chaos suppresses the drift.
We uncover the true origin of the resonant peak in the general case by an analysis of the regular dynamics along the trajectory of the resonant Hamiltonian (12) starting from (I ¼ þ0,φ ¼ π=2) [28] . In the equations of motion for the system (12), we transform from I to ρ and scale the time and frequency shift by the slow "time"t SM and its reciprocal, respectively,
For jω − 1j ≪ 1, the slow dymamics ofp is fully described by solution of Eq. (13) with appropriate initial conditions [28] ρðτ ¼ 0Þ ¼ þ0;φðτ ¼ 0Þ ¼ π=2:
The drift velocity is [28] v d ¼ṽ ET ðω=νÞ þṽ ðresÞ d ðδ; αÞ; where τ p is the period of the trajectory (13) and (14) . Figure 3 demonstrates the effectiveness of Eq. (15) . Figure 3(a) relates to the aforementioned case (11) with θ ¼ 40°: the agreement between the theory and simulations in the range of the resonant peak is excellent. Figure 3 (b) shows the evolution ofṽ d ðωÞ in the vicinity of ω ¼ 1 as α grows whileν ¼ 0.02. In addition to perfect agreement for ϵ ≡ 4αν ≲ 0.4 and reasonable agreement for higher ϵ up to 0.8, it illustrates the key features discussed below.
A striking feature of Fig. 3(b) is the nonmonotonic dependence of the peak maximum on α. It is a consequence of an interplay between the time scalest s ≡ν −1 and t SM ≡ ϵ −1 . To further clarify the role of the latter, consider the exact resonance: δ ¼ 0. The initialφ ¼ π=2 is then preserved along the trajectory (13) and (14) , so that ρ obeys the closed dynamical equation dρ=dτ ¼ J 1 ðρÞ=ρ. At τ ≡t=t SM ≪ 1, the rhs is equal to 1=2 [29] , so that ρ reaches values ∼1 for τ ∼ 1. The growth of ρ then slows down, and, for τ ∼ 1, ρ reaches the vicinity of x ð1Þ 1 ≈ 4 corresponding to the first saddle of the SW [ Fig. 2(a) ], where the growth saturates. Moreover, the stay in the vicinity of the saddle results in that resonant drift ceases. If t s ≪t SM , the saturation of the ρ growth is irrelevant. So, increase of ϵ results in faster acceleration of the transverse momenta during the whole period before scattering, and, by the time of the scattering, their magnitude has reached higher values; the same applies to the modulation amplitude and, thus,ṽ ðresÞ d too. In the opposite limitt SM ≪t s , the drift stops att ∼t SM -long before the scattering. In this regime, the probability P RD for electron to undergo the resonant drift is ∼t SM =t s . Sinceṽ ðresÞ d is proportional to P RD , it decreases together witht SM ≡ ϵ −1 . The optimal regime is t s ∼t SM , i.e., α ∼ 1. Figure 3 (b) demonstrates also that, as α increases, the width of the peak grows monotonically while its shape evolves from being domelike to being spikelike. Analytic results are presented in Ref. [28] .
Finally, Fig. 3 (b) demonstrates that chaos comes into play only at ϵ ∼ 1, leading to fluctuations inṽ d ðωÞ (see the curve for α ¼ 10). As ϵ increases further, fluctuations intensify while the peak disappears [see the curve for α ¼ 15 and the range ϵ ≳ 1.2 in Fig. 4(b) ]. See Ref. [28] details. Thus, chaos may be relevant only at ϵ ≳ 1, playing a destructive role for the resonant drift, contrary to the established belief [5, 6, [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] about its constructive role. The latter belief suggested that the best performance of the resonant drift occurs when chaos is strong. However, neither simulations nor experiments [6, 17, 18, 21] confirm this: as θ → 90°, when chaos intensifies to its maximum extent, the drift vanishes. Our work shows that the ways needed to control the resonant drift are different. If the model (1) is valid andν ≪ 1 and ϵ=4 ≪ 1, it is controlled by a single parameter α. The best performance corresponds to α ¼ α max ≈ 1.16. The drift is negligible if any of the following conditions hold: α ≲ 0.1, α ≳ 20,ν ≳ 1. As ϵ grows above 1, the resonant drift at ω ≈ 1 gradually decays (at multiples, it first rises and then decays too). See Ref. [28] for illustrations.
In conclusion, we have shown that the enhancement of the electron drift occurring if the Bloch and cyclotron frequencies are close, originates in a regular dynamics, contrary to the widespread belief that its origin is in chaotic diffusion. The enhancement is explained as follows. The electron motion along the SL and the tilted magnetic field produce a Lorentz force oscillating at the Bloch frequency. It excites cyclotron rotation which modulates the angle of the Bloch oscillation of the instantaneous velocity. Beyond resonance, the velocity change caused by the modulation oscillates during the relevant time scale, and so the drift averages to zero. In contrast, the change in the resonant case keeps its sign, thus, being accumulated. 
Physical origin of the dynamics
In this section, we discuss and explain the physical nature of the dynamics (5) and its effect on the instantaneous velocity. To this end, we show a schematic view of the SL (Fig. S.1 ) and present Eq. (1) in a more explicit form -as a system of dynamical equations for the components of p -
If there was no motion along the SL, i.e. ifṽ x = 0, the 2nd and 3rd equations would merely correspond to cyclotron rotation in the transverse plane (i.e. y − z ) under the influence of the magnetic field * . On the other hand, such an autonomous rotation is possible only if the momentum in the transverse plane is non-zero, which is not in fact the case at the initial instant: p y (0) = p z (0) = 0 (see (7) and Sec. 2 below). However, as time goes by, electron motion along the SL does occur which, given the z component of the magnetic field, results in a Lorentz force causing the electron to move in the y direction, in turn triggering cyclotron rotation in the transverse plane. At the same time, the onset of motion in the y direction plays another important role: together with the z component of the magnetic field, it generates a Lorentz force in the x direction which, in turn, changes p x (see the 2nd term on the rhs of the 1st equation of (S.1)). The latter causes a change of the instantaneous velocity v x (t) through the change of its angle (i.e. the argument of the sine in the definition ofṽ x in (S.1)). In a sense, this complicated Bloch "oscillation"
† dynamics is a consequence of the specific two-stage feedback.
To complete this physical picture of motion in the system, we note that those variations of p x and p z in time which relate to the magnetic field are mutually correlated because they are caused respectively by the x and z components of one and the same Lorentz force (generated by the magnetic field and the electron motion in the y direction): these components therefore vary in time coherently (cf. the 2nd term on the rhs of the 1st equation with the rhs of the 3rd equation in (S.1)). That is why p x possesses, not only the conventional component proportional to t (which is what leads to the Bloch oscillations), but also a component proportional to p z . Substituting the expression for p x in terms of t and p z into the argument of the sine inṽ x , and using the second of the dynamical equations (S.1), we see that the dynamics of p z and p y reduces to cyclotron rotation perturbed by a wave-like term at the Bloch frequency or, equivalently, to the dynamics (5).
We conclude that, in the presence of a magnetic field in the x − z plane, electron motion along the SL axis (the Bloch oscillation) excites cyclotron rotation in the transverse (y − z ) plane which, in turn, provides for a feedback on the motion along the SL through modulation of the angle of the velocity v x (t). In mathematical terms, it is expressed in Eqs. (5) and (2) together with the relationship betweenp x andp z ≡p which, for the relevant initial conditions (7), isp x (t) = ωt −p(t).
Initial conditions
We now consider the relevance of the initial conditions (7), which are equivalent to zero 1, 2, 3 initial values of the quasi-momenta:
and then derive on the base of these conditions the initial conditions (14) for the slow variables (ρ,φ).
The crystal momenta of the electrons contributing to the electric current are typically related to the Fermi energy, and so are non-zero even at the absolute zero of temperature 4 . So, why do we use (S.2) then? The answer is as follows.
Let us first clarify the physical meanings of p x , p y and p z . The quantity p x is the SL analogue of crystal momentum in a bulk crystal. The meanings of p y and p z are rather different. Not only do they relate to the bulk semiconductor rather than to the SL, but they also represent a deviation of the crystal momenta from their values at the bottom of the conduction band -which is the essence of the effective mass approximation 4 . Now consider the relationship between temperature and the initial momenta. Before moving further we note that, though we use the term "zero temperature", we actually assume a temperature that is very low but non-zero, consistent with real experiments where the temperature is typically the boiling point of liquid-He 4.2 K. Strictly at T = 0 the semiconductor would of course be an insulator, and any transport would be impossible.
Consider first p x . Typically, the Fermi energy in the emitter contact falls below the bottom of the relevant (lowest) miniband of the SL 5,6,2 . But some electrons will be injected from the emitter into the SL nevertheless, since temperature is non-zero. Moreover, the relevant SLs are designed in such a way that the bottom of the miniband is lowered almost to the Fermi energy in the emitter 7, 6 so that the injection of electrons is greatly eased in comparison with the conventional case 5 . On the other hand, before being affected by the external fields, the electrons in the SL fill only a small range of energies ∼ k B T above the bottom of the miniband where k B is Boltzmann's constant (note that k B T ≪ ∆). It means that the scaled initial momentump x0 ≡ p x (0)d/ (5) is distributed mostly in the range ∼ k B T /∆ around zero. As T → 0, this quantity goes to zero ‡ . ‡ E.g. for the SLs used in 6, 8, 9 and for T = 4.2 K, the corresponding width of the φ 0 distribution is ∼ 10
and thus is extremely small compared to the relevant scale 2π
Similarly, for transverse motion the number of electrons in the conduction band is small provided T is sufficiently small. Therefore the initial "energies" p 
√ m * k B T / respectively. In the asymptotic limit T → 0, the ratio of these quantities to the characteristic dynamical scale in the problem, being ∼ min(α, α max ), vanishes § . That is why the initial momenta p y (0) and p z (0) may be set to 0 in the asymptotic limit T → 0.
Finally, we note that, for SL parameter values relevant to the experiments, the above qualitative estimates conform with the numerical calculations in 3 for the temperature dependence ofṽ d (ω) and with the generalization of our analytic results to the case of non-zero temperatures (the results will be presented elsewhere): in the range T 4 K, the functioñ v d (ω) is almost indistinguishable from that for T = 0.
We now turn to the dynamics (13) in slow polar coordinates ρ −φ (12). Due to the zero initial conditions (7) for the momenta, the relevant initial ρ for the system (13) is ρ = 0. In order to avoid a singularity on the rhs of the equation for dφ/dt, it is necessary to take an infinitesimal positive value instead, which we denote as +0. The initial angleφ is formally indefinite. However, if ρ = +0, then, for anyφ from the ranges ] − π/2, π/2[ and ]π/2, 3π/2[, the absolute value of the derivative dφ/dt diverges with a sign that is positive or negative respectively. Thus, the system (13) with an initial ρ equal to +0 and an initialφ lying beyond an infinitesimal vicinity of the value −π/2 is immediately transferred to an infinitesimal vicinity of the point (ρ = +0,φ = π/2), from which motion starts with finite derivatives of both variables. That is why the relevant initial conditions are those given in Eq. (14).
Amplitude of the peak
The maximum of the drift velocityṽ d as function of frequency ω occurs at the exact resonance, i.e. when δ = 0 (see Sec. 4 below). In this case, the Hamiltonian system (12) possesses a grid-like separatrix and the system moves along its first vertical segment at ϕ = π/2 ( Fig. 2(a) ). In terms of the polar coordinates ρ −φ, it corresponds toφ = π/2 being preserved while ρ moving accordingly from +0 towards the first zero of the Bessel function of the 1st order x (1) 1 ≈ 3.83 10 , that corresponds to the lowest-action saddle point of the separatrix of the Hamiltonian system (12) . Indeed, if δ = 0 whileφ(0) = π/2 , then the latter is preserved at the trajectory (13)- (14) as follows from the second equation in (13) . Due to this, the dynamics of ρ(τ) reduces to the following closed dynamic equation:
which is immediately integrated in quadratures. Thus, taking account of ρ(0) = +0,
Expressingp in terms of the polar coordinates (12), i.e.p = ρ sin(ϕ) ≡ ρ sin(φ − π + ωt), and allowing forφ = π/2 and ω = 1, we obtain:
(S.5) § For example, for the experiments 6, 8, 9 where typical values of α and tan(θ) where ∼ 1, the ratios were ∼ 0.1 in case of T = 4.2 K Substituting this expression into the equations for the drift velocity (6) with ω = 1, using the trivial formula sin(t −p) = sin(t) cos(p) − cos(t) sin(p), allowing for Fourier expansions of the functions cos(ρ cos(t)) and sin(ρ cos(t)) 10 (the Fourier coefficients are expressed in terms of Bessel functions), using the solution (S.4) and keeping only terms of lowest order in ǫ andν, we can derive ¶ :ṽ
where α is defined in (8) .
The small-α and large-α asymptotes of A(α) are:
A graphical presentation of the function A(α) with the asymptotes is provided in the main paper: see Fig. 4 and the associated discussion.
Full peak
Consider the case of inexact resonance, i.e. δ = 0 (but, if δ → 0, thenṽ (r es) d obviously reduces to that for δ = 0). Similarly to the case δ = 0, one can show thatṽ d may be presented as a superposition of the Esaki-Tsu peak and the resonant contribution (which, as function of δ, takes the form of a peak) while, for a given value of δ, the latter depends only on α. The resonant contribution is significant only in the vicinity of the resonance (i.e. where |ω − 1| ≡ |4δαν| ≪ 1), where it is given by the following semi-explicit formula:
where ρ(τ) andφ(τ) are solutions of the system of dynamical equations (13) with the initial conditions (14) . One may simplify the formula (S.8), thereby easing both the calculation ofṽ Their period τ p is equal to the time of motion along the trajectory, that in turn is equal to the time of motion from the point (ρ = +0,φ = π/2) to the point (ρ = ¶ As for the termṽ ET (1/ν) ≈ν (that may formally be attributed to the contribution from the Esaki-Tsu peak defined in Eq. (4)), it was derived using the following properties, that can be rather easily proved. If there is an arbitrary function f (x) and the scale of x at which it significantly changes greatly exceeds 1, while f (0) = 1 and f (∞) = 0, then the integral I ≡ +0,φ = −π/2) because the time spent by the system at the segment of the trajectory lying at an infinitesimal height above theφ-axis in between the values ofφ equal to −π/2 and −3π/2 is infinitesimal. Let us divide the range of integration in the integral (S.8) for intervals [0,
. . Presenting the integral (S.8) as a sum of integrals over these intervals, allowing for the fact that the quantity J 1 (ρ(τ)) sin(φ(τ)) entering the integrand is periodic, using the multiplicative property of the exponential function (i.e. exp(a + b) = exp(a) exp(b)) and the formula for the sum
, we ultimately obtain Eq. (15), reproduced below for readers' convenience:
where (ρ(τ),φ(τ)) is the solution of the system of dynamical equations (13) with the initial conditions (14) , while τ p is its period. Note that, for a given α, this solution (and its period, in particular) depends only on the parameter δ. In the cases of δ = 0 or δ ≫ 1, it can be found in quadratures or explicitly, respectively. In the general case of an arbitrary δ, it can easily be found numerically. Eq. (S.9) gives a complete quantitative description of the resonant peak of the drift velocity in the asymptotic limitν → 0. It is easy to see thatṽ
is an even function of δ. As δ → 0, the period τ p diverges, the maximum of the quantity J 1 (ρ(τ)) sin(φ(τ)) approaches its maximum possible value (max(J 1 ) ≈ 0.58 10 ), and the width of the peak of this function of τ also approaches its maximum. Altogether, this means thatṽ
as function of δ attains its maximum at δ = 0, which is described in Sec. 3 above * * . We note also that, in the asymptotic limits α → 0 and α → ∞, the expression (S.9) significantly simplifies:
1. For α → 0, (S.9) can be shown to reduce toṽ (r es) d,a (δ, α) (10) in the asymptotic limit ν → 0:ṽ
Here, L(x ) is a conventional Lorentzian. * * It is rather easy to show that, for δ → 0, the formula (S.9) reduces to (S.6). 2. For α → ∞, (S.9) can be shown to simplify as follows:
Here, K(x ) is a universal function which, to the best of our knowledge, has not been studied earlier in any context and which we will refer to below as the K-form. Like the Lorentzian, it is an even function, being equal to 1 at x = 0, but its other features are very different: it has a very sharp spike-like maximum (cf. the smooth dome-like maximum of the Lorentzian) while its far wings decay as slowly as those of a Lorentzian i.e. ∝ x −2 ( Fig. S.4 ).
Let us return to the general formula (S.9). Figs. 3(b) and 4(a) demonstrate that, as α grows, the amplitude of the peak ofṽ
at first increases, attaining a maximum at α = α min ≈ 1.16, and then gradually decreases to zero. Ifν is fixed, the half-width at halfmaximum, expressed in terms of ω, monotonically grows with α -fromν at α ≪ 1 to values comparable with 1 at α 1/(4ν) (Figs. S.5 and S.6). The shape evolves very substantially -from the dome-like Lorentzian at small α to the stretched K-form at large α. Fig. S.5 illustrates the evolution of the resonant peak for which the magnitude and the width are scaled by the amplitude A(α) andν respectively.
To characterize the universal evolution of the peak shape quantitatively, we proceed as follows. For any given value of α, the resonant peak is fully described by: (i) an amplitude; (ii) a half-width (HW); and (iii) a doubly-scaled shape. The universal dependence of the amplitude, A(α), has been already found (Eq. (S.6) and Fig. 4(a) ). The HW depends on (a) the factor r characterizing the drop in the height of the peak at the chosen HW, as compared to that of the maximum, and (b) the units in which the HW is expressed. For (a), we use two characteristic examples for the ratio r . One is 1/2 (which is the commonest choice), and the other is 1/3. For (b), the most reasonable candidates are the following: ω − 1, (ω − 1)/ǫ ≡ δ and (ω − 1)/ν ≡ 4δα. The quantity ω − 1 does not suit us because our purpose is to present the evolution in a universal form. Of the two remaining candidates, we choose (ω − 1)/ν (like for y in S(y ) in Fig. S.5 ), for the following reason. The evolution is presented by us for increasing α, so that the evolution of the HW in the units (ω − 1)/ν starts from a finite value while that in the units (ω − 1)/ǫ starts from ∞. It is therefore natural to choose the former option.
So, let us present the resonant contributionṽ where the doubly-scaled shapeS r is defined as
where the HW ∆ r is defined by the equation
while r is a value corresponding to the definition of the HW. The convenience of the presentation (S.12)-(S.14) is that the doubly-scaled shapeS r (z , α) is invariant towards a change of the units in which the half-width is measured.
The universal dependences ∆ 1/2 (α) and ∆ 1/3 (α) are shown in Fig. S.6 . The HW ∆ r starts from the value √ r −1 − 1 at α = 0 and monotonically increases with α, approaching the asymptote 4∆ For r equal to 1/2 and 1/3, the quantity ∆ (K) r is equal approximately to 0.031 and 0.086 respectively. Thus, a decrease of r by about 30% results in an increase of ∆ (K) r by factor of more than 200%: this reflects the fact that the maximum of the K-form is very sharp (Fig.  S.4) .
It is also worth noting that, for moderate and moderately large values of α, the function ∆ r (α) is well approximated by a straight line parallel to the large-α asymptote but lifted by ∼ ∆ r (0), at least for r ∼ 1/2 (which is the most important range of r ):
1/3 α, 2 α 50.
As for the invariant doubly-scaled shapeS r (z , α), it evolves from L z
r ) as α increases from 0 to ∞. Such an evolution for r equal to 1/2 and 1/3 is shown in Figs. S.7(a) and S.7(b) respectively. Thus, we may conclude: (i) unlike the amplitude, the width and the invariant doubly-scaled shape of the peak evolve monotonically as α increases from 0 to ∞, and (ii) in terms of ω, the HW increases from
Role of chaos.
It is stated and explained briefly in the main text that, if ǫ ≪ 1, the resonant peak is unaffected by chaos even when the latter exists within the system. We now provide some further details.
When ǫ ≪ 1, the chaotic layer exists only if |ω − 1| ǫ. Even in the most pronounced case when the resonance is exact (i.e. ω = 1), so that a stochastic web (SW) arises, the chaotic layer forming the SW is extremely narrow 11, 12, 13, 14 : its width is ∝ exp − const∼1 ǫ , so that the time-scale on which chaos manifests (being proportional to the logarithm of the reciprocal of the width) reads in units of τ ≡ ǫt as τ chaos = ǫ −1 . It is explained in the main text that, if ǫ ≪ 1, the scale of time in units oft relevant to the formation of the peak is equal to min (ν −1 , ǫ −1 ). In terms of τ, it is equivalent to min (α, 1), which is being much smaller than τ chaos . So, even if the relevant trajectory of the system (5) lay within the chaotic layer, its dynamics would be almost regular on the time-scales relevant to the formation of the resonance peak. But moreover, as is known from computer simulations of the equation of motion (5) with zero initial conditions p = 0,ṗ = 0 , this trajectory lies beyond the chaotic layer if ǫ is sufficiently small 15 . This is explicitly demonstrated in Figs. S.8 (a,b,c). As ǫ grows, this regular trajectory gradually deviates more and more from the separatrix of the resonance Hamiltonian (12) . The deviation remains relatively small even when ǫ is only moderately small (Fig. S.8(c) ), so that the drift velocityṽ d is still well described by Eq. Fig. S.8(d) ), the trajectory behaves almost regularly for a long time due to sticking to the boundary between the chaotic and non-chaotic areas in the Poincaré section 14 . Thus,ṽ d is still reasonably described by (15): cf. Fig. 4(b) . As the excess of ǫ over ǫ cr grows, the area within boundaries of the chaotic layer sharply grows (cf. the left panels of the plates (d) and (e) in Fig. S.8 ) while the dynamics becomes more and more chaotic at relevant times (see the right panel of the plate (e) in Fig. S.8) . As a result,ṽ d (ω) fluctuates as ω varies (see the curve for α = 10 in Fig. 3(b) corresponding to ǫ = 0.8) while its magnitude drops with the increasing ǫ more sharply than predicted by (S.6) obtained within the resonant approximation: see Fig. 4(b) .
Finally, as ǫ significantly increases further, chaos within the relevant area of the Poincaré section becomes practically global (see the left panel of the plate (f) in Fig. S.8 ) while the dynamics becomes extremely chaotic (see the right panel of the plate (f) in Fig. S.8 ) so that the concept of the resonant peak is no longer meaningful:ṽ d (ω) fluctuates strongly and it is not possible to identify any characteristic peaks within it.
Control over the drift
A remarkable result emerging from the research is that, despite the large number of physical parameters affecting resonant single-electron drift, its scaled characteristics entirely depend only on a single combination of these parameters, 17) provided that two rather weak conditions hold:
and that the model (1) is valid. As follows from the Letter and Sec. 4 above, it is natural to define the resonant contribution to the drift at a given value of ω as the excess ofṽ d (ω) (numerically calculated by (5)- (7)) over that in the absence of the magnetic field, i.e. over the Esaki-Tsu functionṽ ET (ω/ν), in the range of ω close to 1. In the relevant range of parameters, the resonant contribution as function of ω takes the shape of a peak, which we call the resonant peak. A reasonable way to characterize the performance P of the resonant drift for a given set of the parameters is to do this in terms of the ratio between the maximum of the resonant peak and the maximum of the Esaki-Tsu peakṽ ET (1) = 0.5:
Our theory approximates P as
where A(α) is given in Eq. (S.6) and presented graphically in Fig. 4(a) . Our theory therefore suggests that the best performance P max corresponds to α = α max ≈ 1.16 and is equal to 2A max ≈ 0.76. It is therefore convenient to introduce the performance index
which immediately characterizes the extent of the performance (the latter equality in (S.21) corresponds to the approximation of i p by our theory). Thus, the most important characteristic of the resonant drift is predicted by means of our rather simple analytic formula † † , in contrast to former approaches which required timeconsuming numerical calculations for any given set of parameters ǫ andν.
It may also be of interest to know the parameterν: the smallerν is, the better the separation between the ET peak and the resonant peak is. Similar to α, the parameterν is expressed explicitly via the physical parameters: see Eq. (S.18).
Like the maximum of the resonant peak, its doubly-scaled shape is entirely determined by α: see Eqs. (S.13), (S.14) and (S.9). In the limiting cases α ≪ 1 and α ≫ 1, it reduces to a Lorentzian (see (10) or (S.10)) and a cusp-like K-shape (S.11) respectively. The halfwidth-at-half-maximum is given in terms ofν by ∆ 1/2 (S.14) and shown graphically in Fig. S.6 (its simple explicit approximations are given in Eqs. (S.15) and (S.16) ). In terms of the cyclotron frequency, the half-width is a product of ∆ 1/2 andν.
We stress also that, prior to the present work, the solution of the inverse problem -i.e. a prediction of the ranges of physical parameters which would provide required characteristics of the drift -was very difficult even on the assumption of the validity of the semiclassical model (1): the search had to be done by "trial and error" using, for each set of parameters, a purely numerical solution of the equations of motion (5) and (7) with a further numerical calculation of the integral (6) . In contrast, we can now solve the inverse problem in the much easier way that is demonstrated below. In addition, our results promise to help in the optimal choice of the parameter ranges where the model is valid, as described below.
Apart from the maximum and the width of the resonant peak, it may be of interest to control other characteristics of the peak, e.g. its "sharpness" -which in the most interesting range α α max may be characterized by the ratio of the maximum to the half-width-at-halfmaximum. Control over this quantity will be considered elsewhere, while here we concentrate on how to control the height of the maximum i.e. on controlling the performance (S. 19) or, equivalently, the performance index (S.21)).
In subsection 6.1, we illustrate control on the assumption that the semiclassical model (1) is valid over the entire ranges of the magnetic field parameters considered. We refer to this as "dynamical control". In subsection 6.2, we summarize our analysis of model validity, demonstrating that the restrictions on validity typically play a major role, and illustrating simple ways of tailoring the SL parameters so as to minimise the effect of at least some of these restrictions as well as in lowering the optimal range of B.
Dynamical control
In experiments, the most natural way to control the transport is by adjustment of the magnetic field parameters, which is of course much easier than varying the SL parameters. We demonstrate below such a control for the case of the SL parameters exploited in 3 and in our example for Figs. 1 and 3(a) . As already mentioned, the analysis will be based exclusively on results obtained within the model (1) .
Consider the plane (B − θ) (Fig. S.9 ). Using the given parameters of the SL, we express B from Eq. (5)- (7) for (B, θ) indicated by the cyan/green/purple dot in the plate (a). The inset shows the corresponding resonant contributionṽ r es (ω) ≡ṽ d (ω) −ṽ ET (ω/ν) (cyan/green dashed line).
The boundary conditions (S.24) are general but, for the given SL parameters, they may be presented in explicit form by using Eqs. (S.22), (S.23) and (9):
Apart from being an immediate consequence of the conditions (S.18), the choice of the above boundaries is also based on our numerical analysis. It is illustrated in Fig. (S.10) . which is equivalent to the decrease ofν. At B = 2T , which corresponds toν ≈ 1.07, the peak is present but its main characteristics differ significantly from those predicted by our theory: the position of the maximum is larger by about 50%, the value of the maximum is ‡ ‡ For the sake of simplicity, we skip the range of ω to the left from the first zero: it is situated far from the relevant range ω ≈ 1; apart from that, the absolute value ofṽ d −ṽ ET is small in this range. smaller by 40% and the width is smaller by 30%. But already at B = 3T , which corresponds toν ≈ 0.72, the deviations are significantly smaller (being 20%, 23% and 23% respectively), so that the theoretical description is more reasonable. As B grows further, the agreement correspondingly improves. So, Fig. (S.10)(a) demonstrates the relevance of the value ∼ 1 as a characteristic marginal boundary inν for the validity of our theory and for the presence of the distinct resonant drift.
In relation to the boundary in ǫ, the situation is more subtle. It is shown in the Letter and in Sec. 5 above that, as ǫ increases and approaches the range ∼ 1, chaos comes into play and destroys the resonant drift. However, in order for the lower boundary in ǫ with such a mechanism really to be ≈ 1, the value ofν should be very small: 0.02. Then chaos is already pronounced at the scattering time-scale ν −1 (see the example illustrated in Figs. 3(b) and 4(b) and the right-hand panels in Fig. S.8) . The most interesting range of (B, θ) is that where α ∼ α max while B is not too large (so that the physical model is still valid: see next subsection). In order forν to be 0.02 in this range of (B, θ), the scattering rate ν should be an order of magnitude smaller than that used in the experimental SLs 6, 8, 9 and their theoretical analogue 3 . In the latter cases, for chaos to become pronounced on the relevant time-scales, the value of ǫ should be at least a few times larger than unity. In other words, if the relevant values ofν are 0.1, the lower boundary for the values of ǫ which provide the required pronounced chaos shifts to values 2 − 3. However, even before that, starting from values of ǫ about 1.2 − 1.5, the resonant peak at ω ≈ 1 becomes significantly smaller and, yet more important, resonant peaks at multiple and rational frequencies (initially at
§ § . This is illustrated in Fig. S.10(b) showing the evolution of the resonant contribution vs. ω as θ increases while B = 11T . The mechanism for the growth of the peaks at multiple and rational frequencies is apparently non-chaotic and to uncover it is a challenging problem for the future. In the context of our present work, it is sufficient to conclude from these numerical observations that, for the SL parameters lying in the ranges similar to those used in 6, 8, 9, 3 , the characteristic marginal boundary in ǫ may be chosen in the range 1.2 − 1.5. We choose it to be 1.2. Fig. S.9(a) presents the resultant diagram of the dynamical control. There is a wide layer where the performance is high. The point (B = 15T, θ = 40 o ) (marked by the cyan dot), exploited in 3 and in Fig. 3(a) , does belong to this layer. At the same time, the diagram shows that B may be significantly smaller while the performance still remains high. We choose two examples: (B = 12T, θ = 49 o ) (marked by the green dot) and (B = 8T, θ = 50 o ) (purple dot). The straightforward comparison of the resonant contributions for these three pairs of the parameters (B, θ) (Fig. S.9(b) ) confirms that, despite B in the green dot and, yet more so, in the purple one being significantly lower, the performance is approximately the same (even slightly higher, as for the green dot).
In conclusion, by plotting a variety of lines representing the simple explicit formulae (S.22) and (S.23), we have constructed a diagram in which we can choose a point with any desired α andν (while the former is immediately related to the performance P by the analytic formula (S.6) or, equivalently, by its graphic representation in Fig. 4(a) ) within the allowed area limited by the linesν = 1 and θ = 55
o . This allows us to easily control the resonant drift provided the physical model is valid.
Model validity and tailoring the SL parameters
We have carried out an extensive analysis of the validity of the model (1), based on the general literature 4, 16 , on the literature related to semiconductor superlattices 17, 18, 19, 20, 21 , on the more specialised literature related to the particular phenomena of interest 2, 6, 7, 22, 23 , and on our own calculations. The range of relevant issues includes: finite-size effects (in particular, the Hall effect), miniband conduction vs. other types of transport, inter-miniband tunneling, emission of optical phonons, quantization of motion by the magnetic field, and the charge accumulation along the SL.
A detailed account of the analysis goes far beyond the scope of this Letter and Supplementary Material (and it will be presented elsewhere). Here, we just summarize the analysis, concentrating mainly on those items which are most relevant to the experiments 6, 8, 9 and their theoretical analogues (e.g. 3 and some examples in our present Letter). Based on this analysis, we add into the diagram shown in Fig. S.9 (a) the characteristic boundaries delineating the applicability of the model. Finally, our formulae suggest that minor modifications of the SL parameters may reduce the optimal range of B, diminish some of the restrictions on model validity, and possibly enlarge the area of model validity. We illustrate this through an example.
Let us first very briefly discuss restrictions which are unimportant for the experiments 6, 8, 9 but may be important when parameters lie in significantly different ranges. In particular, this concerns the finite-size effects -both those related to the direction along the SL axis and those related to the transverse plane. The latter include, in particular, the Hall effect. In brief, its negligibility is due to the fact that the transverse dimensions of the samples measured § § Obviously, when pronounced chaos comes into play (which occurs at ǫ ∼ 3), the latter peaks also vanish. in 6, 8, 9 greatly exceeded their lengths along the SL axis (by a factor of more than 100×). Another potential restriction, shown 6,2 to be negligible for particular experiments, is interminiband tunneling; but of course it may be important in other cases (e.g. like those studied in 22, 2 ). Finally, the resonant effects for the collective electron dynamics (which determine such measured quantities as e.g. the differential conductivity) may be smeared because of the non-uniformity of the electric field along the SL, caused in turn by an accumulation of electrons towards the collector contact of the SL 22,2 . However, it was shown 22,2 that, for the sets of parameters used in the experiments 6, 8, 9 , this effect is negligible if the effective field corresponds to the first-order resonance i.e. just to the most important case ω B ≈ ω c .
Let us now turn to the restrictions that are of immediate relevance for the sets of parameters discussed here, namely to: (i) the cessation of the miniband-conduction (MBC) nature of the electron transport, (ii) phonon emission, and (iii) magnetic quantization.
(i). For the case when only the electric field is present, the MBC vs. the WannierStark hopping and the sequential tunneling was analysed in 17 using a general quantummechanical approach based on nonequilibrium Green functions. It follows from the results of this work that transport characteristics calculated within the MBC approximation are reasonably consistent with those calculated within the general approach if ω B /ν D ≡ ∆/( ν). Taking into account that the relevant electric field corresponds to the resonance, the condition for the MBC approach validity can be formulated as
The parameters used in the experiment 6 z )/(2m * ) reaches the optical phonon energy E op , a phonon is emitted while the corresponding part of the electron energy drops to zero, i.e. the drift ceases. Hence, the conditions for the neglect by the phonon emission are:
where E tr is a characteristic energy of the transverse motion, i.e. energy corresponding to the value of ρ being ∼ 2 min(α, α max ). The energy E tr can be presented in two forms:
(iii). The final significant limitation on model validity, relevant to both the experiments 6, 8, 9 and the theory 3 , relates to the possibility of treating the magnetic field classically. It is evidently the most complicated limitation in terms of a theoretical analysis. Generally speaking, the validity of the semiclassical model as related to the treatment of the magnetic field is highly non-trivial 4 and, to the best of our knowledge, it is still not entirely clarified. For the systems of interest, it has been discussed in 21, 8, 2 but, only one of the criteria considered is given in analytic form. The latter relates 20, 21 to the so-called magnetic-field saturation of the miniband (MFSMB). Extending the validity criterion to include a marginal range, the criterion can be formulated as eB/m * ≡ ω c / cos(θ) ∆. For the relevant SLs, this is equivalent to the following limitation on the value of the magnetic field: B 11T . At the same time, the experimentally measured maximum of the resonant peak of the differential conductivity in the SL with almost the same parameters as in our example and (B ≈ 14T, θ = 45 o ) exhibits 8 reasonable agreement with calculations based on the semiclassical model: the discrepancy is ≈ 35%. One may guess from the latter figure that the agreement becomes marginal (i.e. the discrepancy is ≈ 50%) if B is further increased by a few Tesla i.e. to reach the range 16 − 18T. Allowing for this, we introduce an empirical multiplier 1.5 into the above MFSMB criterion: on the one hand, this multiplier is still ∼ 1 while, on the other hand, it accords better with experiment. So, we formulate the semi-empirical criterion as
Another limiting mechanism, relevant only to a tilted resonant magnetic field, relates 8 to the so called magnetic-field-induced miniband (MFIM) structure arising in the resonance case. This concept is introduced in the work 8 within a sophisticated quantum-mechanical approach developed by the authors. Its presentation in 8 is very concise but only qualitative, so that in practice it is impossible to draw from it any analytic criterion in terms of the SL and magnetic field parameters. The only distinct conclusion which we may draw from this paper in the context of our model validity analysis is that their numerical calculations based on the MFIM concept, carried out for the given SL and (B ≈ 14T, θ = 30 o ), indicate that the semiclassical model should still be adequate for such parameters of the magnetic field, and the aforementioned experiment on the differential conductivity indirectly supports this inference at least qualitatively. Moreover, although the relevant validity criterion for B should doubtless depend on θ, such a dependence in the most interesting range 30 − 50 o is apparently not strong: this follows from the approximate equality of the marginal values of B inferred from the above calculations for θ = 30 o and from the experiment for θ = 45 o . Given that, for the SL with the parameters relevant to our example, the marginal values of B within the range for θ ∼ 45 o by the MFIM criterion approximately coincide with those by the semi-empirical MFSMB criterion (S.29), we conditionally combine the MFIM criterion with the MFSMB for this particular example of an SL. It can of course serve only as a very rough estimate and, moreover, we cannot say how the validity boundary in the B − θ plane by the MFIM criterion changes as the SL parameters change.
There should be one more validity criterion to be considered, related specifically to resonant transport. As shown in our paper, the resonant drift within the semiclassical model crucially depends on the specific classical dynamics in the transverse plane, which may be characterized as a cyclotron rotation interacting with the semiclassical degree of freedom along the SL axis, and a characteristic energy scale for such a rotation is E tr (S.28). On the other hand, the cyclotron rotation is known 16 to be quantized and, in the case when a charge is acted on only by a constant magnetic field, the quantum levels of energy are ω c (n + 1/2) whereω c is the corresponding cyclotron frequency while n = 0, 1, 2, . . . . Of course, our case is more complicated since the electron is not free (apart from the magnetic field, it is affected by the SL periodic potential) but, even so, the quantity ω c may be considered as a characteristic quantum scale of the transverse energy. A classical treatment of the transverse dynamics cannot be adequate if the classical energy scale is less than the quantum one. So, we may formulate the additional magnetic-related validity criterion as follows ¶ ¶ :
In common with the other criteria, we include the range of the marginal validity too.
We emphasize however that the criterion (S.30) does not necessarily imply that transport ceases if the criterion is violated. Rather, it marks only the validity of the model (1), where the transverse dynamics is treated quasi-classically. As for the resonant transport beyond the range of parameters determined by (S.30), it may still exist owing to other mechanisms (cf. the previous item). The latter is indirectly confirmed by the experimental results of the work 6 : a distinct resonance peak in the differential conductivity still exists for angles significantly lower than those determined by (S.30); on the other hand, the experimental and theoretical peaks differ more strongly at such angles than for angles within the range (S.30).
Returning to the condition (S.30) and using the second form of E tr (S.28), we can reformulate it as
Note that the ratio E tr /( ω c ) achieves its maximum value χ −1 just at the "dynamical bestperformance" line α = α max .
In terms of B, the criterion (S.31) is equivalent to
Thus, paradoxically, B is limited not only from above but also from below. In physical terms the latter can be explained as follows. If B is below the range where α ∼ α max , then the increase of the rotation energy ceases due to the scattering rather than because of the saturation (characteristic of the range of B at which α α max : see the Letter). That is why, if B is sufficiently low, E tr is proportional to α 2 ∝ B 2 thus decreasing with B faster than ω c ∝ B. Hence satisfaction of the criterion (S.30) is worsening as B is decreasing within the relevant range.
Although the above discussion of model validity cannot pretend to rigour, the validity criteria presented should serve at least as rough guides for the optimal choice of parameters in experiments. So, the dynamical diagram may be completed by characteristic lines according to the following criteria:
The SL parameters of Fig. S.9 (a) * * * lead to the results shown in Fig. S.11(a) . One can see that the model validity restrictions play a major role. In particular, the model validity at the cyan dot, which marks the parameters used in the theoretical paper 3 and in our Fig.  3(a) † † † , is marginal -therefore the performance in experiments with such parameters may be significantly worse than that calculated within the semiclassical model. The purple dot and, yet more so, the green one are situated well inside the allowed area, so that our theoretical results may be expected to be better applicable to experiments using such parameters.
The region where high performance, the sharpness of the resonance peak and minimal restrictions of the model validity are provided optimally is (B = 11 − 13T, θ = 49 − 52 o ). The range of B where the resonant drift in experiments may be expected to be reasonably well o . Finally, we analyse the changes of the SL parameters which may improve the model validity, lower the optimal range of B and, possibly, even enlarge the square of the area in the B − θ plane where the theory is valid. We shall assume that the basic material is the same as in the former experiments 6, 8, 9 (i.e. GaAs). Then E op and m * are fixed so that only ν, ∆ and d may be varied. Though d affects ∆ (namely, ∆ ∝ 1/d) and, to some extent, even ν, the latter two quantities are also affected by other (independent) physical properties of the SL and we may therefore formally choose ν, ∆ and d as three independent parameters.
As seen from the above analysis and from Fig. S.11(a) , one of the key quantities affecting the model validity is D ≡ ∆/( ν). Its growth both lifts the boundary related to the miniband transport validity (ν = 1/D) and moves apart the boundaries related to Landau quantization (α = 4/D and α = Dα 2 max /4). Furthermore, it leads to an increase in the largest possible value of E tr /( ω c ) = Dα max /4 (achieved at the best-performance line). Altogether, in order to increase D, it is desirable to decrease ν and to increase ∆.
A decrease in ν, in addition to leading to an increase in D, lowersν for any given point (B, θ), making the resonant peak sharper i.e. more pronounced, and decreases the gradient of lines for given values of α, in particular the best-performance line. The latter shifts the best-performance region to lower values of B, which is obviously favourable too.
Growth of ∆, apart from leading to the increase of D, lifts the validity boundary related to the magnetic-field saturation of the miniband. On the other hand, there are restrictions on the possible decrease of ν and increase of ∆. For ν, the main restriction seems to be technological because of the difficulties of further reducing impurities in the crystals and of diminishing other sources of scattering (e.g. the scattering at the interfaces between the different materials used in the SL): during the eight years that passed between the papers 6 and 9 , ν was decreased only by 40%. In the calculations for Fig. S.11(b) , we use the value of ν reported in 9 , which is smaller than that used in 3 and in Fig. S.11(a) by the factor 1.12. As for ∆, its increase is limited by the phonon emission mechanism. Our qualitative analysis shows that the optimal increase for the given case lies within the range 10 − 30%, depending on the particular purpose. For Fig. S.11(b) , we choose ∆ = 23 meV, which is approximately 20% larger than that exploited in Fig. S.11(a) .
The last variable parameter to consider is d. Its increase reduces the gradient of a line for a given value of α: this means in particular that the region of best-performance is shifted towards lower values of B, which is obviously favourable. At the same time, an increase of d leads to a decrease of the energy gap between the relevant (lowest) miniband and the next one ‡ ‡ ‡ , which may lead to such a strong enhancement of inter-miniband tunneling that the model validity fails. An estimate of the inter-miniband tunneling rate goes far beyond the scope of the present paper. So, to guarantee the absence of the significant inter-miniband tunneling, we do not use values of d exceeding those used in 7, 6, 3 . Moreover, the increase of ∆ means that the upper boundary of the relevant (lowest) miniband is lifted for the half of the increase in ∆, while the lower boundary of the higher miniband moves down (in the same proportion), so that the energy gap between the minibands decreases. Given that the values of ∆ and of the higher miniband width are equal approximately 7, 6 ,2 to 20 meV and 100 meV respectively, their increase by 20% gives rise to a decrease in the energy gap by 12 meV which constitutes only about 5 − 6% of the initial 7,6,2 value of the gap. Most likely, such a small decrease in the gap does not violate the criterion for neglect by the interminiband tunneling. However, in order to guarantee the validity of this neglect, one may use a value of d which is slightly smaller than the original one: this should restore the original gap. Given that the original difference in energy between the centres of the minibands is ≈ 270 − 300 meV, the decrease of d 2 by 4 − 5% does compensate 16 the decrease of the gap discussed above. So, we choose d = 8.1nm.
Thus, the new parameters are: The resultant diagram is shown in Fig. S.11(b) . The best-performance layer has shifted to lower values of B (cf. the shift of the best-performance line relatively to the cyan, green and purple dots). In particular, the optimal parameters now lie in the region (B = 7−9T, 49−50 o ), i.e. the relevant B has decreased approximately 1.5 times; similarly, the range of B for which the range of relevant θ is widest has been lowered by approximately 1.5 times, being now 8 − 9T (the corresponding range of θ is 40 − 50 o ). Besides, if one assumes that the modified MFIM line (which is unknown to us and is therefore absent from Fig. S.11(b) ) does not ‡ ‡ ‡ The difference in energy between neighbouring levels in the isolated quantum well is proportional to 16 
1/d
2 . In the SL, the quantum wells are not fully isolated but, still, the energy distance between centres of the minibands is approximately the same as between the levels in the isolated well, being therefore ∝ 1/d 2 .
significantly decrease the square of the area delineated by other modified boundary lines, then the square of the allowed area has been enlarged (even though the phonon emission region has cut off a significantly larger part of the area). Finally, the largest possible ratio E tr /( ω c ) has increased by 35%, significantly relaxing the validity restriction in the vicinity of the best-performance line.
